ON SOME CONTINUED FRACTION EXPANSIONS OF THE
ROGERS-RAMANUJAN TYPE

NANCY S. S. GU" AND HELMUT PRODINGER”

ABSTRACT. By guessing the relative quantities and proving the recursive relation, we
present some continued fraction expansions of the Rogers-Ramanujan type. Mean-
while, we also give some J-fraction expansions for the g-tangent and g-cotangent
functions.

1. INTRODUCTION

In [27], the second author studied the functions

R =3 S g

= [2n + 1],
—1)nn
o) =3 e
where
iy = L Tt = 02

and gave some continued fraction expansions of the ¢g-tangent and g-cotangent functions
for d =0, 1,2 in the following forms:
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which are variants of Jackson’s [17]. Some special cases were considered in [11,25,26].

In [27], the second author also discussed a continued fraction identity of Ramanujan
and the celebrated Rogers-Ramanujan continued fraction expansion and companions.
Some related kinds of the continued fraction identities of Ramanujan were widely stud-
ied in the literature, see [2-8,13-16,22,23]. Recently, in [9], Bowman et al. used two
g-continued fractions given in [8] to derive two general transformations, and then ob-
tained m-versions of several identities of Rogers-Ramanujan-Slater type. Inspired by
the idea in [27], we find that the method which resembles the method due to Visko-
vatoff [20, Pages 27-28] can be used for some Rogers-Ramanujan type functions, and we
find nice continued fraction expansions for them. By applying a sequence of similarity
transformations, the continued fraction expansions we derived through this method
can be transformed into much more elegant continued fractions. Meanwhile, some
special cases of these continued fraction expansions may lead to representations of in-
finite ¢g-products as g-continued fractions. For the Rogers-Ramanujan type identities,
Sills [34] gave an annotated and cross-referenced version of Slater’s list [35] of the
Rogers-Ramanujan type identities. When we refer to Slater’s list in this paper, we are
referring to Sills’ version.

In Section 2, we focus on the continued fraction expansions in the following form:

z

z
ap + ———
z
a; + —

and discuss this kind of continued fraction expansions for zF(z)/G(z) and its compan-
ion zG(z)/F(z) of the Rogers-Ramanujan type, as in (1.1) and (1.2).
In Section 3, we find that our method can be used to give an elementary proof for

a continued fraction identity due to Ramanujan which was proved by Andrews in [3].

Section 4 is devoted to expansions of the form:

22

ao + boz + 5
z

ap + bz + —

and we study this kind (“J-fraction”) of continued fraction identities for 22 F(z)/G(z)
and 22G(z)/F(z) of the Rogers-Ramanujan type. We also give some expansions for the
g-tangent and g-cotangent functions. Recently, Shin and Zeng in [33] proved a similar
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kind of the continued fraction expansions which were used to give a unified proof of
Josuat-Verges’ recent g-analogues of two identities due to Euler and Roselle.

As usual, we follow the notation and terminology in [12]. For |¢| < 1, the g-shifted
factorial is defined by

o0

(@5 9)oo
a;q)oe = 1—aq®) and (a;q), = ————, forn € C.
(4 ,EO( 4 (ag"; 4)o

The main results in this paper are summarized in Table 1 and Table 2.

We don’t claim that neither the method nor all the results are original. However,
we try to be systematic within the context of the Rogers-Ramanujan type identities
and we are confident that a fair share of our results are indeed new.

2. zF(z)/G(z) AND 2G(2)/F(z)

For the continued fraction of the form

z
Z )
ag + ————
z
ay + —
we briefly state the approach as follows.
Let
2F(z) 2 z B z B
a+— «a
0 N 0 . .
a [EN—
1 N,
and .
S;
Then we have ,
Nz’ = Q; -+ .
Nij
That is to say,
r; ZSit+1
— =y .
S Tit1
Setting r; 11 = s;, we have
28i41 = Si—1 — 4;S;, (2.1)

where the initial conditions are
s.1=G(z) and s9=F(z).

Therefore, if we guess the number a;, and the power series s, and prove the recurrence
relation (2.1) by induction, then we prove the continued fraction identities. Since the
proof is a routine computation, we only show the proof for the first example.
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F(z) & G(z) Expansions | Theorems
F(z) =50 ann(nz;;)q;n(ﬂ;q)" zF(z)/G(z) | Theorem 2.1
Gl2) = ¥, T e
F(2) = Ym0 ol 2F(2)/G(2) | Theorem 2.2
G(2) = g 2t 2G(2)/F(2)
F(z) =350 (sz;[éz)n 2F(2)/G(z) | Theorem 2.3
G(2) = Xm0 i 2G(2)/F(2)
F(z) =350 % 2F(z)/G(z) | Theorem 2.4
O2) = T 2L oastln | 2G(2)/F(2)
F(2) = Ym0 ™ 2F(2)/G(z) | Theorem 2.5
G(2) = T g " 2G(2)/F(2)
F(2) = Ym0 0 2F(2)/G(2) | Theorem 2.6
G(2) = g s 2G(2)/F(2)
F(2) =20 (Zt«;])r;n 2F(z)/G(z) | Theorem 2.7
G(2) = Xy “G(2)/F(2)
F(2) = Y00 on 2F(2)/G(2) | Theorem 2.8
G(2) = g 20 2G(2)/F(2)
F(2) = Ym0 2l 2F(2)/G(2) | Theorem 2.9
G(2) = Xm0 2G(2)/F(2)
F(2) = ¥ 20 it=t) | F(2)/G(z) | Theorem 2.10
G2) = Yoo "ot

TABLE 1. Continued fraction expansions of zF(z)/G(z) and 2G(z)/F(z)

2.1. A.8/A.13 type. First, we consider the continued fraction expansions of the
Rogers-Ramanujan type functions in the identities A.8 and A.13 in Slater’s list which
are stated as follows.

Identity A.8 (Gauss-Lebesgue [21]):

n+1)/2

(=43 q)ng™ (05 9Y
2 (¢;0)n ()

n=0
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Z) - ZnZO (q;i;)b?n

F(z) & G(z) Expansions | Theorems
ano % 2?F(2)/G(z) | Theorem 4.1
2020 % #G(2)/F(2)

200 f;gi 2?G(z)/F(z) | Theorem 4.2
> 0 (;Z;ZZ; 2?F(2)/G(z) | Theorem 4.3
3o 2G(2)/F(2)
200 (;Z;Zz)n 2?F(z)/G(z) | Theorem 4.4
S 2G(2)/F(2)
oo A | 2G(2)/F(2) | Theorem 4.5
3 sp DL i
=D 030 f;‘;j:: 22G(z)/F(z) | Theorem 4.6
= Y 22F(2)/G(2) | Theorem 4.13
=2 >0 % 22G(z)/F(z) | Theorem 4.7
0 o 22G(2)/F(2) | Theorem 4.8
2 nz0 (an)i 2*F(2)/G(z) | Theorem 4.9
TS| 2GE)/F(E)
2 n>0 fqijiii 2?F(z)/G(z) | Theorem 4.10
Z”ZO Z:qq;:;;ln
2 nz0 (q;q§2n+1 2*F(z)/G(z) | Theorem 4.11
Y 0 ﬁ 22G(2)/F(z) | Theorem 4.14
2nz0 (qz;;)qzil 2*F(2)/G(z) | Theorem 4.12
2
50 G
> 0 (;:;‘)fil 22G(2)/F(z) | Theorem 4.15
=30 22G(z)/F(2) | Theorem 4.16

TABLE 2. Continued fraction expansions of 22F(z2)/G(z) and 22G(z)/F(z)
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Identity A.13 (Slater [35]):

S Q)n (@G Do (G0

i (=4 )ng" ™ 2 (g% Y N (—4; %)oo
(¢

n=0

In this paper, we mainly focus on the Rogers-Ramanujan type identities. But we
claim that the method used in this paper may lead to more general results, and we
give an example in the following theorem.

Theorem 2.1. Let

n, nn+1)/2(_,,. n, nn—=1)/2(_,,.
2"q (—u; @)n 2"q (—u;@)n
F(z) := E , G(z) = E ) .

>0 (4 9)n = (4 @n

For the continued fraction expansion

2F(z) _ 2 (2.2)
G(z) z
ag + ———
z
a; + —
we have
o (—u; q)x . B ukgk=1)/2
e ukgh(k+1)/2? A (—u; Q)k+1'
Zr gD 2( gy ake )
SQkZQkQZ ()< >7
= 4 Qn
n n(n+2k+1)/2(_,,.
z2q U5 q)n+k
Sops1 = qk(kz+1)/22 o () Int +1
>0 q;9)n

The continued fraction expansion (2.2) can be transformed into the following forms:
2n—1

2F(z) 2z z(14u) zug zq(14wuq) zug® 2uq 2q™(1 + ug™)
G(z) 1+ 1 + 1 + 1 + 1 +---+ 1 + 1 4+
(2.3)

This continued fraction can be obtained from [5, p. 144, Entry 6.2.1] by setting a = z/q,
A =zu/q, and b = 0. It was also studied (in more general form) in [7,14].

Setting u=q and z =1 in (2.3), we have

(7% q") o 1 14q ¢ q0+¢h) ¢
(0540 + (0 P)oo(@® D)oo 1+ 1 +1+ 1 + 14
¢ ¢"(+q")
+ 1+ 1 -

Now we give the proof by induction.
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Proof. According to the expansion (2.2), we know that F(z) = so and G(z) = s_;.
Therefore, we have

1
S1 = ;(8—1 — apso)
_1 (Z A G ) > 2R (g q)n>
2 \& (43 9)n = (43 0)n
B e Gl T L
g (43 )n
- R S
= (43 Dn—1
- Z 2" (—u; q)nga
= (43 0)n
1
S = ;(so —a181)
_! (Z R (—uig), 1 T gt/ 2(—U;q)n+1>
2 \Z (43 9)n 14w (43 9)n

n—1 n(n+1)/2(_,, .
:ZZ' q ( uq’Q)n71(1+u—1—uqn)
(¢ @)n

n>0
= 2" tug" "2 (—ug; g)us

2ug" 2 (—ug; q),

=2 (¢ Dn

n>0

Next, we show for all n that the recurrence relation (2.1) holds. In this case, we need
to prove the following two relations:

[2"] (5961 — agisSor) = [2" ] Sort1, (2.4)

[2"] (89 — Qops1Sons1) = [ |son o (2.5)

For the first relation (2.4):

PR (s @)

(¢:@)n
(—u; Q) e uFq P2 (—ugh; q),
kgt (¢;9)n
qn(n—l)/2+nk+k(k—1)/2(_u; Q)n+k

k(k—1)/24

[Zn](Squ - a2k32k) =9q

(¢ @)
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On the other hand,

qn(nfl)/2+nk+k(kfl)/2 (—U, Q)n—i—k

)

2" Nsgpyr =
2 T (¢;@)n—

which is the same.
For the second relation (2.5):
L2 uF gD 2k gy

(¢ Dn

[Zn](Sgk — a2k+152k+1) =dq

uk k=12 W2 G2 )
- . 4 .
(—u; @)k (¢:9)n
2
ukH gl D/ 2kt ke gkl gy
(4 @)n—
On the other hand,
- B uk+1qn(n+1)/2+kn+k2+k(_uqk—H; Q)n—1
(2" ok = ) )
(¢ @n—
which is the same. ]

2.2. A.16/A.20 type. The identities A.16 and A.20 in Slater’s list are stated as
follows.

Identity A.16 (Rogers [30]):

& qn2+2n 1

(%00 (%% 0°) (=% %)

n—

Identity A.20 (Rogers [30]):

00 2
" 1

(g5 0 (0,4 6%)o(—0% %)
According to the recurrence relation (2.1), we have the following theorem.

Theorem 2.2. Let

n n? n n2+2n
<z q < q
PR =) rms GE)=)
= (a4 = (a%4)n
(1) For the continued fraction expansion
2F(z) z
G(z) z
ag + ——
z
ay + —

we have
asge = (—1)F(1 + q4k)q2k2_2k, k>1, ag=1,
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opp1 = (_1)1@71(1 + q4k+2)q72k274k71.

n  (n+k)?

SZkZZ -

S (@ (=% P ngar’

n n2+2n(k+1)

< q
Soprt = (—1 k+1q3k2+4k+1 .
A= g) (4% 6%)n(—4% ¢)nsais

2F(z) =z 2q 2q 2q" 2q° 2q'3
Gz) 1-1+@+14+¢"—14+¢+1+¢—1+4"
2n—1 6n+1
=4 =4 . (2.6)
+ 1l 4gr =1+ g2 4.
Setting z = 1 in (2.6), we have
(@*.¢%¢") 1 g q q ¢ q°
(.¢%¢°)  1-1+¢@+1+¢" —1+¢+1+¢—1+4"
q2n—1 q6n+1
o T ghr — 14 gint2 4
(2) For the continued fraction expansion
2G(z) z
F(2) N z
ap + ———
z
a; + —
we have
azk = (1) (1 +¢*) g7, k>1, ap=1,
Aopi1 = (_1>k<1 4 q4k+2)q2k2_1.
n n2+2n(k+1)
2 zq
Sop = (_1)kq3k +2k ’
nzzo (0% @*)n(—0% @*)ns2
n , n24+2n(k+1)
_ (k+1)? £ q
S2k+1 = ¢ .
" ; (4% ¢*)n(=4% ¢*)nranta
2G(z) 2 2q 2 2 21 22 2
F(Z) o 1+1+q2_1+q4+1+q6_1+q8++1+q4n+2_1+q4n+4+
(2.7)

This continued fraction can be obtained from [6, p. 41, Eq. (14.1)].

Setting z =1 in (2.7), we have

(¢,4%¢°) q ¢ ¢ gt g q

1 6n+5
(¢ 1+14+@ -1+ + 1+ T+ +- -+ 14 g2 -1 pglnti ..

We also find a variant of the above theorem.
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Theorem 2.3. Let

ann2 ann2 +4n
F(z):= Z m, G(z) :== Z S

4. 4 '
= = (% qY)n

N. S. S. GU AND H. PRODINGER

(1) For the continued fraction expansion of zF(z)/G(z), we have
Qo) = (_1)k(1 + q4/~c—2)q2k:2—4]€+27 k Z 17 ag = 17

1
a2k+1 — (_1)k—1(1 + q4k)q—2k2—2k—17 k Z 17 CE1 — _5

n+k)?

ng
2"q
Sok = E , k>1,
= (@ ) (=% P ni2r

24+2k+1
S2k+1 = (_1)k+1q3k * .
; (4% ¢*)n(=4% ¢*)nvak

ann2+2n(k+1)

2F(z) 2z 2q 2q 2q° 2q° 2q™
Glz) 1—-14+14+@-1+¢+1+¢—1+¢
Zq2n+1 Zq6n+5

+o T gint2 — ] gintd .
(2) For the continued fraction expansion of 2G(z)/F(z), we have

A2k = (_1)k(1 + q4k_2)q_2k27 k Z 1a g = 1a

1
agky1 = (—1)F(1 + q4k)q2k2_2k_1, E>1, a1 = .

ann2+2n(k+1)

Sor = (—1 kq3k2 , k>1,
2 = (=1) HZZO (@25 ¢*)n (=% ®)nt2k1
Sok+1 = Z

an(n+k+1)2
o (@) (=% Pnyar

> 2q Zq3 zq3 zq9 Zq2n+1 Zq6n+3
Flz) 141 -1+4+@+14+¢—1+¢+-+14+¢"—1+¢"2+..

2.3. A.34/A.36 type. The identities A.34 and A.36 in Slater’s list are stated as
follows.

Identity A.34 (Slater [35]): The analytic version of the second Gollnitz-
Gordon partition identity.

i (=g ¢*)ng™ ™" _ 1
(¢ ¢*)n

n=0

(¢4, ¢°:¢%) o0
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Identity A.36 (Slater [35]): The analytic version of the first Gollnitz-
Gordon partition identity.

(¢%¢*)n (¢,6% 47 ¢%) 0

i (—4:¢))ng"” 1
n=0

Theorem 2.4. Let

n . n? .2 n n2+2n .2
20" (—=4¢;4°)n 2"q (=4 ¢%)n
F(z):= E . , G(z) := E : :
= (@) e Ul

(1) For the continued fraction expansion of zF(z)/G(z), we have

e 2) k21
a2k:_( q’q)kq 7k217 a0:17
mEmg—1

2
my

(—q; ¢®)pp1g"Hak+L

o — Z an(n+k)2(_q2k+1; q2)n(mk . (1 . q2n)q2k+1mk_1)

A2k+1 = —

2. 42 )
= (% ¢*)n
 ok2iak1 2 2D (g )
S2k+1 = —4 Z 2. 2 )
n>0 (q yq )nmk

where

which satisfy the following recurrence relation:

my = (14 ¢ )my_y + qu.

zF(z) z 2q(1+q) zqgmi 2¢°(1+¢*)  2¢Pma 2¢™°(1 + ¢°)my
G(z) 1-— 1 + 1 + my + 1 + ma
Zq4n+2(1 + q2n+1)mn71 zq2n+1mn+1 (2 8)
4+ My, + 1 '
Setting z =1 in (2.8), we have
(.o _ 1 q¢l+qg) gm 0+¢) ¢me ¢°(1+¢)m
(.4%¢*) 1= 1 + 1 + my + 1 + Mo
q4n+2(1 + q2n+1)mn_1 q2"+1mn+1
4+ M + 1 R
(2) For the continued fraction expansion of zG(z)/F(z), we have
gy = CEO ¢!
gk " (=4 ¢*) k1
sop = 7 Z G intiel o it 91 Sok+1 = 2 (=g P na
= , 1= :
(4% ¢%)n (4% ¢%)n

n>0 n>0
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2G(2) 2q(L+q) 2¢' 2°(1+¢°) 2¢° 2¢°(1+¢°)
F(z)y 1+ 1 +1+ 1 +1+ 1
Zq4n Zq2n+1(1 + q2n+1)
Fooo+ 1 4 1 T

The above continued fraction can be obtained from [5, p. 144, Entry 6.2.1] by setting
¢— ¢, a=2/q, \==z and b= 0.

z
1

(2.9)

Setting z =1 in (2.9), we have

1 9+q) ¢ P+ ¢ 1+
1+ 1 414+ 1 +14 1
ﬂ q2n+1(1 +q2n+l)
+--+ 1 + 1 + -
This continued fraction which is called the Ramanujan-Gollnitz-Gordon continued frac-
tion appears in [5, p. 154, Corollary 6.2.8], [6, p. 50, Entry 22/, and [29]. It was widely
studied in the literature, see [1,2, 10,13, 28, 31, 32].

(4,47 %) oo
(@3, 4% ¢%) oo

2.4. A.38/A.39 type. The identities A.38 and A.39 in Slater’s list are stated as
follows.

Identity A.38 (Slater [35]):

P (B0 D)o (@ 0 ) e

(@ Donpr (4 9)oo

n=

Identity A.39 (Jackson [18]):

= (4.47,6%5 6% (d% % ¢'0)

(¢:9)2n (¢:9)

n=0
Theorem 2.5. Let

F(z):= Z

2 2
an2n an2n +2n

G(z) =

= (6 Q)2n’ = (6 Dan
(1) For the continued fraction expansion of zF(z)/G(z), we have
o (1 — g™ +1)(1 — ¢g2)2¢2*2 bo 1w 1
(1= (1 =) (1 =) (1 —g?+2)" = = 1-q

L (1 _ q4k+3)<1 . q2k+1)2(1 o q2k+2)2
@2k+1 = (1 — @2)2q0h+2 :

S = PTRN(1 — g PR PRl k2 g nbdkes)

(@ @)2ns1(672:¢%)2r(1 — ¢2) ’

n>0
2n2+4n(k+1)(1 _ q2)

22 46k42 2"q
Sok = —q .
2 Z (¢ @)2n+1(¢%" 35 @) 21 (1 — ?FH1) (1 — ¢2k+2)

n>0
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2F(z) _z(1-q) 2*(1 — ¢*) 2?(1-¢*)1—¢q")  2¢*(1—-q)(1—¢?)
G(2) 1 —(1-9(1-¢)(1-¢)+ 1—¢ +(1-¢*)1—-¢)(1-q")
Zq4n72(1 _ q2n+1)(1 _ q2n+2) Zq4n+4(1 _ (]2“71)(1 _ q2n) 510
4ot 1 — gintt + (1= @) (1 = @ +2) (1 — 4 t3) ... (2.10)
Setting z =1 in (2.10), we have
(4,476%)0(a% 4" ¢ ) 1-¢ ¢*(1 - ¢*) ?(1-¢*)(1-q")
(4*,6°:¢%) 0 (4%, 4" ") 1 —(1-¢91-¢*)(1-¢*)+ 1—¢°
q8(1 _ q)(l _ q2) q4n—2(1 _ q2n+1)(1 _ q2n+2)
+(1=¢)1—-g¢")(1 =g+ + 1 — gintt

g1 =g (1 = ¢?)
+ (1= g2 t)(1 — g2nt2) (1 — g*nt3) 4 ..
(2) For the continued fraction expansion of zG(z)/F(z), we have
1 — gtk 1 — g4+
Qo = T, A2k+1 = W

on 2n +2n(2k+1) 2(n+k+1)>2

n o 2(
32k+1:Z - =4

>0 (¢ D2nr1 (@3 6%)anr1

2k2 42k
Sor = ¢ E

n>0

)
Q)2n+1(@>"13;¢%) o,

2G(z) =z 2q? 2q* 2q° 2q*"

F(z) 1oq+l—@+1—@+1—q 4 tl—gt ...
Setting z =1 in (2.11), we have

(2.11)

(q37 q5’ q8>oo(q27 q14; q16)oo _ 1 q2 q4 q6 q2n
(0,47 0%)(d°, 0" % 0%) 0 1=qH+1=F+1=¢F+1—q"+ -+ 1=+

Theorem 2.6. Let

n 2n2 n 2n2+2n

Py =Y "1 ar=Y

= = (@G0

el
—
R
()
S~—
[\
3

(1) For the continued fraction expansion of zF(z)/G(z), we have
(1 — g*=1)(1 — ¢2)2¢22
Aok = — (1 — q%k—1 — g2k 4 q4k—3)(1 — 2RH1 — g2k+2 q4k+1)’ k>
gy = — (1 — g™ H+1) (1 — g2+ — g2h+2 4 gtk
(1 — ¢2)2¢0k+2

an2(n+k)2(1 _ qz + q2n+2 _ q2n+2k+1 _ q2n+2k+2 + q2n+4k+1)

Sok =

Y

n>0 (@5 Q)ont1(¢*3;¢?)ak—1(1 — ¢?)

2k2+6k+2 Z"CI% +4n(k+1)(1 - (12)

— (@ Dan1 (755 @)ar(1 — 251 — ¢2FF2 4 4T

Sok+1 = —¢

2F(z) 2z z2*(1—¢*)  2¢°(1—¢* —q¢* +¢°) 2q*(1 - ¢°)
G(z) 1-(1-q(1—¢)+ 1—¢ +(1—q5)(1—q3—q4+q5)+~-
Zq4n72(1 . q2n+1 _ q2n+2 + q4n+1) 4n+4(1 _ q q2n + q4n73)
+ 1 — q4n—1 + (1 _ q4n+1)<1 _ q2n+1 _ q2n+2 + q4n+1> + .. a
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(2) For the continued fraction expansion of zG(z)/F(z), we have

1 — gtk 1 — gttt
GZkITy k=1 ag=1, a2k+1zw
n 2n242n(2k+1) n 2(n+k+1)>2
2k2+2k 2q 2"q
Sok = (¢ ) Sok+1 = .
; (@5 @Q)2ns1(*35 ¢ )ap—1 ; (@ @on1 (35 ¢2) 2,
4 6 8 2

2G(z) 2z z¢? 2q 2q 2q 2q

F(z) 141-q+1-@+1-@+1—q +--+1—¢g» 4.
This continued fraction can be obtained from [5, p. 160, Theorem 6.4.1] by setting
q— ¢, a=0, A=z b= —1/q. Some more general forms were studied in [14, 15],
and [8, Theorem 2].

2.5. A.79/A.96 type. The identities A.79 and A.96 in Slater’s list are stated as
follows.
Identity A.79 (Rogers [30]):
0 (654”004 )
— (¢ 0)2n (4% ¢%)oo
n=0

Identity A.96 (Rogers [30]):
o qn2+2n (q4, qG, qlo; C]w)oo(QQ, q18; q20)oo

(g Donir (¢;9)os
Theorem 2.7. Let
ann2 zn qn2+2n
F(z):=> L Gl =)y
n>0 (Qa Q)2n n>0 ((L Q)2n+1
or the continued fraction expansion of zF(z z), we have
1) For th ' d ) ] F G h
1 — g4kl 2k2—k—1 1
Qg = — ( zq )q 2 ) k Z 17 g = —,
(1 _ qzk —k)(l _ q2k +3k:+1) 1—gq
(1 o q4k+3)(1 _ q2k2+3k+1)2
2k+1 = — 2Rkt :
on (n+k)? 1 — 2n+2k2++3k+1
S2k = ! ( Zn+3 2 )’
>0 (¢ @)2n+1(¢*" 25 ¢%)2n
n m2+2n(k+1)
3k24-5k+1 zq
S2k+1 = —¢ .
' ; (€5 @) 201 (2735 q%) g1 (1 — g2 +3k+1)
2F(z) _2(1-4q) 2q 2q(1 — ¢%) 2¢3(1 — q)
G(z) 1 —(1-¢91-¢)+ 1-¢ +(1-¢)(1—-q")
2n—1 1— 2n24+3n+1 6n-+2 1— 2n?—n

4.t 1— q4n+1 + (1 _ q4n+3)(1 _ q2n2+3n+1) . a
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Setting z =1 in (2.12), we have

(@*,4%¢") _1-¢ q ¢1-¢) (-9
(4¢'% ) 1 —(1-g(1-¢)+ 1-¢ +(1-¢)(1—q")
q2n—1(1 _ q2n2+3n+1) q6n+2<1 _ q2n2—n)
4+ 1 _q4n+1 +(1 _q4n+3)(1 _q2n2+3n+1>+_,,'
(2) For the continued fraction expansion of zG(z)/F(z), we have
1— q4k+1 2L
Ao = W’ Aoyl = (1 _ q4k+3>q2k +k 1.
n n 2on(k+1) n (nt+k+1)>2
3k2+3k <94
S2k ) S2k4+1 = .
; (45 @)2n1(@* 35 ¢%)a, ; (45 @)2n41(0°"5 4% 2041
2G(z) = 2q 2q° 2q° 2q%" gt

— . (213
F(Z) 1_q+1_q3+1_q5+1_q7++1_q4n+1+1_q4n+3+ ( )

Setting z =1 in (2.13), we have

(0" ¢"% ™) 1 q ¢° ¢ ¢ ¢

(48, q'%; ¢2°) oo Cl—gH+ 1l —@BH1l P+l -+l =gt 4l — i3
Theorem 2.8. Let

n n? n,n?+2n
Zq 2q
F(z):= , G(z) == _—
; (45 ¢)2n ; (45 ¢)2n
(1) For the continued fraction expansion of zF(z)/G(z), we have
sy = —(1 — 41<;—1) W3kl > 1 g0 = 1 a _ _1 - q4k+1
2k — q q ) — 4 0— 4 2k+1 — q2k2+3k+1 :
> gk’
Sk = ,
= (40201 (P ¢k
n m2+2n(k+1)
3k2+43k+1 <4
Sok+1 = —¢ .
; (4 @2nt1 (357,
zF(z) 2z 2 2q 2q° 2q° zq? ! 2q%"

G(Z) _I_l_q+1_q3+1_q5+1_q7++1_q4n—1+1_q4n+1+
(2) For the continued fraction expansion of zG(z)/F(z), we have

1— q4k—1 2
_ _ _ 4k+1\ 2k“—k—1
Ao = q2k2+k ) k Z 17 ag = 17 A2k+1 = (1 —q )q .
2
+2n(k+1
Sop = q3k2+k Z (k+1)
- 2 3. ’
n>0 @)on+1(¢2"F35¢%) 2k
> q(n+k+1)

S2k+1 = E

>0 (45 @)2n+1(¢>"35¢%)or




16 N. S. S. GU AND H. PRODINGER

4 3 10 6n—2

2G(z) 2 zq 2q 2q 2q 2q 2q?n !

F(Z) :I+1_q+1_q3+1_q5+1_q7++1_q4n71_|_1_q4n+1+

2.6. A.94/A.99 type. The identities A.94 and A.99 in Slater’s list are stated as

follows.

Identity A.94 (Rogers [30]):

(e 9]

¢ (%7000 4" 6%
— (¢;4)2n1 (¢:9) oo

n

Identity A.99 (Rogers [30]):

o~ (4,470 (65 4" 4%
= (¢;9)2n (¢ 4)oo
Theorem 2.9. Let
on qn2 +n ann2+n
F(z):= —_— G(z) =
) nzzo(q; Q)2nt1 ) = (€ @)2n

(1) For the continued fraction expansion of zF(z)/G(z), we have
4k+1)q2k2—k 1 —¢**?

a2k = (]- —q ) A2k4+1 = q2k2+5k+3 .

24k
Sor = ¢ E

n>0

peg n 24n(2k+1)

)
(¢ @)2n+1(¢*" 35 ¢2) 2k

n,n2+n(2k+3)

_3(k+1)2 Zq
Sok =q .
2 ; (@5 Q) 2n1(€*"35¢%) 2k 41

2F(z) 2 2P 2 2q° 22 2t

G(z) _1_q+1_q3+1_q5+1_q7+...+1_q4n+1+1_q4n+3+...'

Setting z =1 in (2.14), we have

(0% 0" 0")(a", 4" ¢ 1 ¢ ¢ ¢’
(4, 0% 0" )oo(¢®,0"% ¢ )0 1—q+1—@F+1—@+1—¢

2n 6n+3
q q

_|_..._|_1_q4n+1_|_1_q4n+3+...‘

(2) For the continued fraction expansion of zG(z)/F(z), we have

(1 — gty g2k —+ ]
A2k = T = @FR) (1 — @FsEeL) k=1, a= 1—-¢

B (1 _ q4k+3)<1 _ q2k2+3k+1)2
2k+1 = 2> +ok+3 :

n +n(2k+1)(1 _ q2n+2k2+3k+1)

k2+k 2"q
Sok = ¢
’ ; (45 @)2n41(0°"%5 4% )2k

(2.14)
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n n2+n(2k+3)

_ 3(k+1)2§ : zq
Sok = —q .
o (g5 Qon1(q7 35 42 ora (1 — g2F 304

2G(z) _z(1—q) 2q° ' (1-q") _ 2¢’(1—q)
Fiz) 1 —(1-¢(1-¢)+ 1-¢ +(01-¢)(1-q)
2 (L= ) e (2.15)
4+ 1 — gintl + (1 — g4 +3)(1 — q2n2+3n+1) 4.0
Setting z = 1 in (2.15), we have
(2:4% 4" (¢®, %) 1—¢ ¢’ ¢(1-¢) (-9
(%4700 4% ¢ 1 —(1-q@(1-¢)+ 1-¢° +(1-¢)1-q")
¢ (L — g ¢ g

4o 1— q4n+1 + (1 _ q4n+3)(1 _ q2n2+3n+1> + .. L

2.7. A.25 type. The identity A.25 in Slater’s list is stated as follows.
Identity A.25 (Slater [35]):

o© L2 n? 3 .3 6.6 2
Z( ot an :(q7q,q,2q );o( G4 ) (2.16)
~ (¢5¢"n (4% ¢%)oo

Recently, in [24], McLaughlin et al. found a partner to Equation (2.16).

An identity (McLaughlin et al. [24, Eq. (2.7)]):

i (—q; ®)ng™ " _ (4% ¢%) oo
— (g5 (0% 4o (@, 4% 4"
Theorem 2.10. Let
n TL2 n . n TL2 .
F( ) L zq 2 (_Q7q2)n G( ) L <q (_QJ q2>n
I (g% ¢%) ’ v (¢% %)
n>0 ! n n>0 ) n

For the continued fraction expansion of zF(z)/G(z), we have

(—a;:¢*)e(1 +¢*)
gk = (q;q2)qu2+2k 3 k 2 ]-7 ap = ]-7

(1+¢*+2)(q; ¢*)ug"

a fry
S (=3 )41
Sok 2k2+2kz 2+2n kH)( q; q2)n+k(q; q2)k
>0 —¢% @) nr2k(— ¢ )k
(n-+h+1)* (_Q§ q2)n+k+1

2"q
S2k+1 = g 5

= ()= P Insarsr

P(2) 2 2q(l+q) 2¢'(1-q) 2¢°(1+¢°) 2¢°(1—¢°)
G(z) 14+ 1+4+¢ + 14+¢" + 1+¢ + 1+
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2" (=) 2?1+ )
4t 1+ g4 + 1 + gint+2 + ..
Setting z =1 in (2.17), we have
(@.0%4¢ 1 ql+q ¢'(0-q9 F0+¢") ¢0-¢°)
(%) 1+ 1+¢ + 1+¢" + 1+¢5 + 1+
g (1 — @) @1+ g2t
4o+ 1+ g + 1+ gint2 4

(2.17)

3. A CONTINUED FRACTION IDENTITY OF RAMANUJAN

In [3], Andrews gave a proof of the following “slightly tricky” continued fraction of
Ramanujan

= , (3.1)
G(2) zq
1+ "
14 bg + 3
z
1+ bg* + =
where
ann2+n annQ

F(z) = , G(z) = )
=) nzzo (¢ Q)n(—bg; @)n () nZZO (¢;Q)n(—=bq; q)n

Later, Bhargava and Adiga proved this identity in [7]. In what follows, applying our
method, we can give an elementary proof of this continued fraction identity (3.1).

Proof. In fact, this continued fraction (3.1) fits in the following form:

= . 3.2
G(2) = (32)
G+ ——5 —
zq
aq + 3
zq
a9 + —
We define
2F(z) = 2 z B
G(z) N, 20 q
( ) 0 Qo —+ —q ag + d 3
Ny N zq
aq N2
and
S;

Then we have
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That is to say,
+1

T Zqi Sit1
— = Qa; + .
S Tit1
Setting r; 11 = s;, we have
i+1 _
zq Si+1 = Si—1 — A;S;, (33)

where the initial conditions are
s.1=G(z) and so= F(z).

Therefore, if we give the number a; and the power series s, and prove the recurrence
relation (3.3) by induction, then we prove the continued fraction identity (3.2).

In this case, we have
ay=14+bg" k>1, ay=1.
n n?4+n(k+1)

Skzz( # 4

(@ (=G Dk

Then we can prove the continued fraction identity (3.1) by induction. O

4. 2°F(2)/G(z) AND 22G(z2)/F(z)

In this section, we discuss the following continued fraction expansions:

2F 22
He) _ | (4.1)
G(z) 22
ao + boz + 5
z
a; + bz + 5
z
as + byz + —
2 2
2G(z) z
F(z) 22
Qo —|— b()Z —f- 5
z
a1 + blZ + B
z
as + boz + —

Here, we take the continued fraction expansion (4.1) as an example to present the
method. For the expansion (4.1), let

22F(z) 22 22 22

G(z) Ny 22 22
ag+boz +— ag+byrt ——

M +byz+ —
aq 1% N2

and
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Then we have )

Nz:al—i-bz,z%—

Nip1’
That is to say,
T 2 Si+1
— =a; + bz + ———.
Si Tit1
Setting r; 11 = s;, we have
Z2Si+1 = S;—1 — (ai + bl‘Z)SZ‘, (42)

where the initial conditions are
s-1=G(z) and s9= F(z).

Therefore, if we guess the numbers ay, by, and the power series s, and prove the
recurrence relation (4.2) by induction, then we prove the continued fraction identity
(4.1).

Theorem 4.1. Let

n N n n2+n
Zq < q
F(z):= —, G(z) ==
= (G 9)n = (G
(1) For the continued fraction expansion of 2*F(z)/G(z), we have
_ (% ¢*)p(1 — 0)? _
(@41 — 1)’

A2k4+1 = ( - q )%(1 _ q2k+2)(1 _ q) q4k+2‘
3

by — (L= @)+’ — 2q
(@ @®)(1 = )2 (1 — ¢*+1)%¢?
62k+1 _ (q’ q2)i(1 _ q2k+1) (1 + q3 2q2k+2 2q2k+4 + q4k+4 + q4k+5) '
(0% @) (1 = ¢*+2)2(1 — ¢)°q

2k+1 2 2k+3 4k+2 4k+3
q +q +q
)7 k Z 17 bO = —q,

n n?+4nk ( 2

2"q ¢ (g q 1—q+qmtt — gttt
Sop = (_1)kq4k2+3k Z ) ( ( )

i
= (@ @)l ¢*)i ’

n n2+2n(2k+1) (q ’q2>%(1 —q+ qn+1 _ qn+2k+2)
q2

2 zq
Sopal = (_1)kq4k +T7k+2
i ; ( )n<Q7 )k+1(q3§q2)k

PF() 2P 21— q)*(1 - ¢%)?°
G(z)  1—z2q+(1-q>1—¢?)+29(1-q)2(1-2¢>+¢ - ¢ +¢°)
22¢"(1—q)*(1 — ¢*)?
—(1-¢*)(1=¢*) +2¢3(1 - ¢* —2¢° + ¢° + ¢)
224" (1 - ¢*)*(1 = ¢*)*(1 = ¢*)?
—(1=¢*)P(1—q*) +2¢° (1—Q’) (1+¢>—2¢* —2¢5 + ¢+ ¢°)
2245 1(1 _ q2n—1)4(1 _ q2n+1)2
== (=) (1 = @) + 2g" (1 4¢P — 270 — 2¢20 3 4 gAnt2 4 gints)
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2q8n+3(1 _ q2n)2(1 _ q2n+1)2(1 _ q2n+2)2
_ (1 _ q2n+1)3(1 _ q2n+2) + Zq4n+1<1 _ q2n+1)2(1 + q3 _ 2q2n+2 _ 2q2n+4 + q4n+4 + q4n+5) _
(4.3)

Setting z =1 in (4.3), we have

(@*,¢% ¢ _ 1 (1 - (1 - ¢*)*
(0% ) 1=q+ 1 =931 —¢?) +q(1—q)%(1 -2¢>+ ¢ - ¢* + ¢°)

(
)+ (1= ¢* =2¢°+¢° +4q7)
1-¢*)*(1-¢*)*(1—¢")?
—(1=¢)PA =)+ (1= )1+ = 2¢* —2¢° + ¢° + ¢°)
q8n—1(1 _ q2n—1)4(1 _ q2n+1)2
— = (=) (1 =@t + ¢ (1 + ¢P — 2¢2HT — 2703 + gAnt2 4 gdnts)
¢ = )2 (1 — )2 (1 - )2
— (1 = 2P H1)3(1 — 2nt2) + gAntI(1 — g2nH1)2(1 4 g3 — 2¢2n+2 — 2204 4 gintd  gdnd5)

(2) For the continued fraction expansion of 2°G(z)/F(z), we have

4k _ —4k—3
Qo =4q Aok+1 = —q .

1+¢
bgkzl—l-q, kZ 1, b():q, b2k+1 :—T

n n?4+n(4k+1)
k 4k2+3k Z C]
Sok = E
n>0

n,n +n (4k+3
1) k-1 4k2+71<;+3 z q )
S2k+1 = (
n>0

ZZG(Z> B 22 2’2(]3 22(]7 Zqul
F(2)  1+2¢—1+2¢2(1+q)—1+2¢*(1+q) — 1+ 2¢°(1 + q)
22(]15 22(]4n 1
—14+2¢%(14+q) —--—1+2¢>"(14¢q) —

Setting z =1 in (4.4), we have

(4.4)

(.05 ¢)se 1 ¢ q’ g

(@ ¢% @) 1H+ag—14+¢*(1+q)=1+¢" (1+q)—1+¢(1+q)
q15 q4n71

—1+¢(0+q) - —1+¢"(1+q) -

We point out that for the functions F(z) and G(z) in the above theorem, the
continued fraction expansions of zF'(z)/G(z) and 2G(z)/F(z) were provided in [27].

Theorem 4.2. Let
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For the continued fraction expansion of 2*°G(z)/F(z), we have

ase = ¢, g1 = —q 70
1+¢q
bak = q(1 + q), bok1 = — 2

n n2+2n(2k-+1)

2 zq
Sop = (_1>kq4k +5k e
HZZO (¢ Dn

n n?+dan(k+1)
_ k—1 4k2+9k+5 < q
sopy1 = (—1)""'q

= (@D
2G(2) 2 240 24 2413
F(z) 14291+ ¢q¢) —1+2¢3(1+q) — 14+ 2¢°(1 +¢q) — 1+ 2¢"(1 + q)
217 2+l
—142¢°(1+q) — - —142¢*(1+q) —-

For the functions F'(z) and G(z) in the above theorem, the continued fraction ex-
pansion of zG(z)/F(z) was provided in [27].

Theorem 4.3. Let

n n2+2n

F(z):= Z ﬁ, G(z) = Z ;qu;T)n'

n>0 n>0

(1) For the continued fraction expansion of 2*F(z)/G(z), we have

(=% ¢*)i(1 + ¢*)
_ ()i (L + )
Q2k+1 = (=5 ¢®)2¢5+2

(~¢% 4301 — ') Pl b
— 2, )2 (1 + ¢BFH2)(1 4 ¢gBh—2)gtk+17 & = 0 1+ ¢’
k
) - (—¢% q8)z+1<1 o q16k+8)
2k+1 = (—q"; q8)z<1 T B0 (1 + ¢Bk+2) gkt

bor =

n,n2+4nk 2. .8
8k2+2k zq (—a% ")k
Sok = (@ )
; (0% ¢*)n (=% ¢ )nsac(—4% ¢
n n2+2n(2k+1)(_ 6. 8
2 z2q q;:9 )k
Skl = q8k +10k+2 Z ( )

n>0 (% ¢*)n (=% P ntar+2(—0% ¢* k1

ZF(z)  Z(1+¢%) Zq°(1+¢°)

G(z) 14+ =2+ 1+ +¢H)(1+¢%) +2q(1 — ¢®)
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22q10(1 +q2)(1 +q10) 22q18(1 +q6)<1 +q14)
F 1+ +¢%) (1 +¢") +2¢°(1 = ¢%) + (1 + ¢! (1 + ¢"*) (1 + ¢") + 2¢°(1 = ¢*)
2 8n+2(1+q4n 2)(1+q4n+6)
+o b (L g 2) (L4 ) (14 ¢ 40) + 2 (L — g3 F8) -

Setting z =1 in (4.5), we have

(4.5)

(@*,¢% ) _ (1+¢°) ¢*(1+¢°)
(.64 ¢)00 1+ —q+A+2) (1 +¢*)(1+¢%) +q(1 —¢¥)
(14 ¢*)(1+¢") (14 ¢%) (14 ¢")

+ (1 +¢)1+¢)(1+¢%) + (1 —q'%) + (1 + ¢ )1+ ¢+ ¢") + (1 — ¢*)
q8n+2(1 +q4n—2)(1 +q4n+6)
4o+ (1 + q4n+2)(1 + q4n+4)(1 + q4n+6) + q2n+1<1 _ q8n+8) + .. o

(2) For the continued fraction expansion of 2*G(z2)/F(z), we have

(=% ¢*)r(1 + ¢*) "

agp = 3 217 CL():l,
(—4¢?;¢®)2¢%*
A (—¢*q )k+ (1+ ¢
S (T
6. .,8\2 1 16k
bok = (qq839+(2 : 8)k2 4k17k21’ bo = q2’
(=2 ¢®)7 (1 + ¢®+2)(1 + ¢®2)q 1+gq
b (=% ¢®)py (1 — ')
2k+1 —

( q q ) (1+q8k+6)(1 +q8k+2)q4k+3

8k:2+6k Z 2+2n(2k+1)( qz; qs)k
n>0 %@ )n(—0% @*)nran (=% ¢®)x
2 n .
Sopy1 = 8k2+14k+6 Z +a (k+1)(—q6, q8)k ‘
= ( 0% @)t ak2(— 0% ) ki
22G(z)  22(1+¢%) 22¢°(1+4¢°)
F(z)  14+@+z2¢+1+¢*)1+¢")(1+¢°) +2¢3(1 — ¢8)
21+ ¢ (A +q") 2¢*(1+¢") (A +q")

+(1+¢%)(1+¢*)(1+q") + zq5(1 —q"%) + (1 +¢")(1+¢"?)(1+¢") +2¢"(1 — ¢**)
4+t (1 + q4n 2)(1 + q4n)(1 + q4n+2) + Zq2n+1<1 _ q8n) + .- L
Setting z =1 in (4.6), we have

(4.6)

(4.4%4¢°) _ (1+¢%) ¢*(1+¢°)
(%% 1+ +qg+1+¢3)A+¢*)(1+¢5) +¢3(1 — ¢®)
Y1+ +4") (1 +¢5)(1 + ¢*)

+ 1+ +¢*) (1 +¢") +¢°(1 = ¢) + (1 + ¢ )1+ ¢*) (1 +¢") +¢7(1 - ¢*)
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q8n—2(1 +q4n—6)(1 +q4n+2)
4o+ (1 + q4n72)(1 + q4n)(1 + q4n+2) + q2n+1<1 _ q8n> + .- L

Theorem 4.4. Let

n n? n n2+4n
<z q < q
F(Z) ::Z‘—7 G(Z) ::Z—
= (a4 = (4%4)n
(1) For the continued fraction expansion of 2*F(z)/G(z), we have

(—¢" a1+ ¢%?)

Ao — ,kzl, aozl,
(—a% ¢®)2 1%
(=% )i+ )
2kl = T FRgRE

=% ) —1(—q"; ¢®)K(1 — ¢

( 4 8) ( 4 8) (1 16k 4)
(=% ¢®)e-1(—¢% ¢*)rg*

4549 )k-1\—q;q" )k\L — (¢ N

( 8 8) ( 8 8) (1 16k3+4) k> 1 bl_ 1 '
(=% ®)r(—q* @) prrg™tt 7 77 (1+q¢*)q

bo =

b2k+l =

n n2+4ank

8k2 8. .8
(4% ¢ )k 2"q
Sof = E ) k> ]-7
(a5 =5 (@5 PIn(=0% ¢*)nran

2
2(2k+1) (—

n m2+2n(2k-+1)

4. 8
% ¢%)k 2"q
S Do

(=% a* )k 5 (@ P)n(=0% P )npaci

q

S2k4+1 =

PF(z) 2 2 (1+4q") 2¢°(1+¢") (1 +¢%)
G(z) 1—=2¢g+1+¢*)(1+qgY)g+2¢> + (14 ¢*)2(1+¢%)(1+¢8) + 2¢3(1 + ¢*)(1 — ¢'?)
22¢"9(1+¢")*(1 +¢*)(1 +¢"?)
+ (1 4¢%)2(1 + ¢ ) (1 + ¢'2) + 2¢5(1 + ¢8)(1 — ¢*°)
2 (1+¢%)2(1+¢")(1 +¢'°)
+ (14 ¢2)2(1 4+ ¢*)(1 + ¢*%) + 2¢"(1 + ¢'2)(1 — ¢%8)
2 8n(1+q4n 4) (1+q4n)(1+q4n+4)
4+ (1 + q4n)2(1 + q4”+2)(1 + q4n+4) 4 Zq2n+1(]_ 4 q4n)(1 _ q8n+4) N

(2) For the continued fraction expansion of 2°G(z)/F(z), we have
(=g ¢ +¢%72)

Qop, = L k>1, ap=1,
(—¢% ¢®)2_ g3k
A2k 1—< ¢*;¢°)i(1 + ¢**2)
+ - .
(—q* ¢*)ng®
— 8)2(1 — ql6k—4
bop = (2q7q)k( ) Ck>1, by =g,
(—¢%¢%)2 (14 ¢ )(1 + gBh—4)gth—1
bok11 =% @)1 (=% )1 = ¢" ) be1 b /
+ (_q4; q8)k+1(—q4; qS)kq4k+1 ) = 1, T q4
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ngn?+2n(2k+1) (8. 8
S il (=¢% ¢* )k
Sorp = @ | k Z 17
2 "ZZO (4% @*)n(=0% @) nrar—1(—q* ®)k
2an(k+1) (_q4' qg)k

8k2+12k+4 2"q"
SS9l = ( .
2 n%% (QQS ¢*)n(—q%; qz)n+4k+1(_q8§q8>k

2G(z) 2P 22q*(1+ q*) 2¢'2(1+ ¢°)
F(z) 142+ 0+¢)0+¢*) —2¢7+ 1A+ 1+ )1+ ¢®) + 2¢°(1 — ¢2)
Z2¢*°(1+ ¢4 (1 +¢) Z2¢**(1+¢%)(1 +¢'°)

AT+ )1+ 0+ 27— @) + T+ g2+ @D+ + 21— )
22q8n+4(1 _~_q4n74)(1 _|_q4n+4)
+ -+ (]_ + q4n)(1 + q4n+2)(1 + q4n+4) + Zq2n+3(]_ _ q8n+4) + - L

Theorem 4.5. Let

Pz):=3 i q2)n’ G(z) =) 20 g Chn.

= (@ S (@5

For the continued fraction expansion of 2*°G(z)/F(z), we have

e — 04 s — T
(=435 ) rgB’ * (—¢; ¢*) 4140+ >

(—=¢; ¢ k(1 + g* 1 + ¢ 1)
= (—¢* q*)pg* ! k2l =g+,

(_q3; q4)k(1 + q4k+1 + q4k+3)

a1 = (= ¢ ¢*) g +2
o (_1)kq6k2+5k ann2+2n(2k+1)(_q; q2)n+2k
(=69 = (4% ¢%)n ’
. B _1)k71q6k2+11k+5 ann2+4n(k+1)(_q; q2)n+2k+1
2k+1 — _ 3. 4 2. 2 :
(=% a0 = (% ¢*)n
2G(2) _ 22 2¢°(1+q) 2" (14 ¢°)
F(z) 14+2g14q) —14+220+q+¢) — 1+ 2¢°(1 + ¢3 + ¢°)
22(]17(1 + q5) Z2q6n71(1 + q2n71) (4 7)
_ 1+Zq7(1+q5+q7) _____1+Zq2n+1(1+q2n—1 +q2n+1> o :
Setting z =1 in (4.7), we have
(2.4"¢%) _ 1 ¢(1+q) ¢'(1+¢°)
(%% %) 14+q1+q¢)-1+¢(1+q+¢)—1+¢(1+¢ + )
q17<1 +q5) q6n—1(1 +q2n—1>

_1+q7(1+q5+q7>__,,_1_{_q2n+1(1+q2n71+q2n+l)___.'
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Theorem 4.6. Let

n 2n? on 2n24-2n

F(z):zzzq , G(z):zz g

= (6 ¢)an S (@G Do

For the continued fraction expansion of 2*°G(z)/F(z), we have

- (¢ ¢®)7(1 — g%t A (¢ %) (1 — ¢%19)
_ , =
(2% ¢®)2g% (q7; ¢®)2q3k+6

(¢% a1 = ¢* (1 +¢*) e
(qd’ q8)z(1 _ q8k+3)(1 _ q8k71)’ -
(0% %)k (1 =) (1 + ¢)
(a7 )R (1 — ¢*+3)(1 — ¢*+7)g?
(_1>kq8k2+6k(q3; qg)k anZn +2n(4k+1)
(475 %) = (5 @)2n (0" P a1

bor =

b2k+1 = -

Sok =

1)k—1 8k2+14k+6 n 2n2+2n(4k+3)

Sopil = (- q (4" %)k Z : Z2"q

(4% ¢®)k+1 (@ D@5 ¢ anrs

22G(2) _ 22(1—¢%) 2*¢°(1 —q")
F(z) (1= —-¢*)+2¢*-(1-¢)1-¢")(1—4q7)+2¢*(1+¢*)(1 - ¢°)
21— ¢®)(1— )

—(1=¢")(1 = ¢°)(1 —q") +2¢8(1+¢?)(1 - ¢°)
22q2(1—q")(1—¢")
—(1=¢") (1 =¢")(1 = q") +2¢"(1+ ¢*)(1 - ¢**)

2q8n 2(1 . q4n75)(1 _ q4n+3)
— .= (1 _ q4n—1)(1 _ q4n+1)(1 _ q4n+3) + Zq4n(1 + q2)(1 _ q4n+l) —
Setting z =1 in (4.8), we have

(4.8)

(@°, 0% ¢%) oo (4 0" 0" )0 (1-¢% ¢*(1—q")

(2,470%)00(6%, 6% ¢"%) e (1-¢)(1-¢*)+¢* - (1-¢*)1-¢*)(1—4q") + q4(1+q )(1—q°)
¢"(1—-¢*)(1—¢") ¢*(1 = ¢"(1 - ¢")

—(1=-¢N1-¢") A=)+ (1 +¢*)(1—¢%) - (1-¢")(1 ¢ q15)+ql2( +4¢?)(1 —¢'3)

8n72( 4n 5)( 4n+3)

q 1-—
— = (L= ) =g (1 = ¢ F2) + gt (1 + ) (1 — gt —

Theorem 4.7. Let

n 2n? 2n2+42n

F(z) ::ZL, G(z) ::qu

n>0 (Qa q>2n n>0 (q? Q)Qn

For the continued fraction expansion of 2*°G(z)/F(z), we have

5.821 8k—1
a%:(q,q)( 7 ) k>1 a=1,
(4:6*)iq

. _(q,q )k+1(1 —q
foket = (4% ¢®)3q®++0

8k+3)
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<q5. q8)2(1 qSk—1)<1 + q2) £ 1 bo _ q2
()1 =g+ (L—¢¥%)" = 1—¢
oy = B4 Vi -1 +¢?)

(@° )R (1 — ¢+ (1 — ¢*+0)¢?

boy, =

( 1>k 8k2+6k n ,2n2+2n(4k-+1)

8
—1)"q q;q Zq
Sok = ( )k E

(4% ¢®)x = (6 D@ P
(_1)k71q8k2+14k+6(q5; qs)k Z an2n +2n(4k+3)
S2k+1 = .
" (45 ¢®)k+1 (4 @)2n (@ )k
2’G(2) _ 2*(1—q) 22¢°(1 = ¢°)
F(z)  1-q+z2¢? = (1-q)(1-¢*)(1—¢°) +2¢*(1 +¢*)(1 — ¢*)
2Z¢(1—q(1—¢% 2¢%(1—¢°)(1 - ¢7)

—(1=-¢°)(1-¢")1-¢°)+2¢4 (1 +¢*)(1 —¢") — (1 = ¢”)(1 — ¢"1)(1 — q13) +2¢2(1 +¢*)(1 - q')
2q8n+6(1 _ q4n73)(1 _ q4n+5)
— = (L= g4 ) (1 = g4 F3) (1 — ¢ F5) + 2¢*n T4 (1 + %) (1 — ¢*F3) —

Theorem 4.8. Let

n n2+2n

F(z):= Z ZTLq” : G(z) = Z =1

= (4:9)2n = (6 D2nt1

For the continued fraction expansion of 2*G(z)/F(z), we have
ty = CCRA =g (@) (1 ¢ *?)
(@%a*re™ (a7 ¢*)rg* 7
7. 8)2(1 — gl6k+2
8 2(q - )SIZEL:’, ! Sk)—l o k2l b=
PR = ¢ 2)(1 = g% Y)g

)
1 ®)k(0?; ) kra (1 — ¢'o*T10)
47 k(47 ) kp1g*F

=
[ V]
ol
+
—
|
—~

1 kq8k2+7k qs;qs . ann2+2n(2k+1)
oo = CV T P 2

(@75 4% 5 (6% 6*)n(¢ @P)ntans’

1)k—1 8k24+15k+T7 n n2+4n(k+1)

7.8
- q q;q Zq
32k+1:( ( >k g ( 5

(4% ¢®)ka (@ )o@ Pntants’

22G(z) 22(1 - ¢%) 22¢"(1 - ¢")
F(z)  (1—-q(1—¢ + 2¢—(1—-¢*)(1 - )1 —q") +2¢3(1 — ¢'?)
2%¢"°(1 - ¢* )(1—61”) 22q%(1—q")(1—¢")
—(1=q¢")(1=¢")(1—g")+2¢5(1 = ¢"®) — (1 = ¢')(1 — ¢*3)(1 — ¢*®) + 2¢"(1 — ¢%6)
Z2q8n 1(1 _ q4n—5)(1 _ q4n+3)
== (I =g (1 = ¢ (1 = ¢ F3) + 2¢? T (1 — g3 F2) —
Setting z =1 in (4.9), we have
(a%,4"%¢*) _ (1-q* ¢"(1-q")
(@%9%¢)  (1-q)(1-¢*)+q—(1-¢*(1—-¢°)(1—q") +¢*(1—q'9)

(4.9)
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q"(1-¢*)(1—q") ¢**(1—q¢")(1—¢"%)
—(1=¢"NA=¢")(A—q") +¢°(1 —¢'®) — (1 —¢')(1 = ¢'*)(1 — ¢*°) + ¢"(1 — ¢°)
q8n71(1 _ q4n75)(1 _ q4n+3)
— e (U= g (1 = @) (1 = g3 2t (1 — B2y —

Theorem 4.9. Let

o qn2+2n

(1) For the continued fraction expansion of z*F(z2)/G(z), we have

5. ,.,8\2 8k—1
7°;4°) (1 —q
) k
(¢;4%)71 (1 = g**?)

(q5; qS)zq8k+2

) G(z) ==

A2k4+1 =

(0% ¢*)e(@%; ¢®)p—1 (1 — ¢*%72)

q
b = — 7k Z 17 b = T3
. (@ ¢®)1(q; 1™ o1
__ (45 6*)isa (1 — ¢'*%)
2k+1 — (q5; qg)k(q5; qg)k+1(1 _ q8k+1)q4k+1.

(_1>kq8k2+k(q; q8>k n n?+dnk

2"q
Sk (@% ¢®)r Z

= (0% ¢°)n(@ P)nsar’

et — _1)kq8k2+9k+2<q5; q8)k Z ann2+2n(2k+1)
" (q; q8)k+1 >0 (q2; q2)n((1§ qz)n+4k+2
22F(z)  2*(1—q) 2¢*(1 - ¢°)
G(z) 1-qg—2q+(1—-q)(1—-¢*)(1—¢q°)+2q(1—q%
2¢°(1—q)(1—¢°) 2¢7(1-¢°)(1—¢'?)

—(1=)1=q)(1—-¢°) +2¢°(1 = ¢") = (1= ¢”)(1 — ¢"")(1 = ¢"*) + 2¢°(1 — ¢*)
Z2q8n+1(1 _ q4n—3)(1 _ q4n+5)
e (1= ) (1 — gAY (1 — g4ntD) 4 2g2ntI(1 — gBnt6) — ...
(2) For the continued fraction expansion of 2°G(z)/F(z), we have
(@%@ — ¢*7)
(@ ¢*)7a™
(445 (1 — ¢*F)
(0% )2 g5+

2k =

7k217 CL():l,

A2k+1 = —

by — (% )@ a1 = ¢"72) b
(¢ (@ B pag® =t 7 7 1—¢q
(45 4*)i (@3 g1 (1 — ¢19576)

b2k‘ 1= —
" (6% )k (% @®) hy1 gk +2
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(_1)k 8k2+5k n n?+2n(2k+1)

 q° z
o — q (QQ)kZ q

(4% %)k = (@ )o@ Pnar”
(_1)k—1q8k2+13k+5(q5; q8)k Z ann2+4n(k+1)
Sok+1 = .
(43 4%k 5 (0 PG P Inrars
2G(z)  2*(1—q) 2¢°(1 - ¢°)
F(z)  1-q+2¢q—(1-q)(1—-¢*)(1—¢° +2¢3(1—¢%
22q"3(1—q)(1 - ¢°) 22q21(1 ®)(1—q"?)

—(1=¢)(1=¢")(1-¢°) +2¢°(1 —q") — (1 = ¢°)(1 — ¢*)(1 — ¢*3) + 2¢"(1 — ¢*2)
2q8n 3(1 _ q4n—7)(1 _ q4n+1)
. (1 _ q4n—3)(1 q4n—1)(1 _ q4n+1) + Zq2n+l(1 _ q8n—2) _

Theorem 4.10. Let

F(z) = Z M, G(z) := Z 20 +n.
>0 (4 @)2n+1 >0 (45 q)2n
For the continued fraction expansion of 2*F(z)/G(z), we have
0y — W — ) A (0% ¢%)fa (1 — ¢* )
- ) +1 — —
(¢% *)7q™ (475 ¢*)7g% >
7.8\ (7.8 1 — gl6k+2 3
ka:(q,q)gk(q8,q)k;1(8 7 ) h>1 by 1 y
(4% ¢®)ra1 (g% ¢®)rg 1—¢
bypss — — L)1 (@ )1 — ¢"0)
+ (73 )i (q7: @) pg™+3
o — (_1)kq8k2+5k(q3; qS)k Z ann2+n(4k+1)
(@75 4% 5 (6% 6*)n(¢ @P)ntania’
o (_1)k—1q8k;2+13k+5(q7; q8)k Z ann2+n(4k+3)
+1 — .
(4% ¢*)kr1 5 (0 PG @ Invarss
22F(2) _ 22(1—¢%) 22¢5(1 — q")
G(z) (A= -)+2¢°—(1-¢*)1—=¢°)1—q") + 2¢*(1 = ¢'?)
21— ¢*)(1 —q') ¢ (1—¢")(1 —q")

—(1=q")(1—¢° )(1—q D)+ 2¢*(1 —¢'8) — (1 — ¢! )(1—q13)(1—q15)+zq (1—¢?°)
2q8n 3(1 _ q4n—5)(1 _ q4n+3)

. (1 _ q4n 1)(1 _ q4n+1)(1 _ q4n+3) + Zan(l _ q8n+2) _ (410)
Setting z =1 in (4.10), we have
(0°,4":4") o (0", "% %) o0 (1—¢%) ¢*(1—-4q")
(2:4%0") o0 (@3, ¢"% )0 (1— )(1—q )+ —(1=¢*)(1—-¢°)(1—4q7) +¢*(1 - ¢'?)
¢ -¢*)(1—q¢"") ¢'(1—¢")(1—q¢")
—(1=¢")(1—-¢")(1—q') + *(1—q") — (1 —q")(1 —¢"3)(1 — ¢*) + ¢°(1 — ¢*°)

an 3(1 _ q4n—5)(1 _ q4n+3)
. (1 _ q4n—1)(1 _ q4n+1)(1 _ q4n+3) + q2n(1 _ q8n+2) _
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For the functions:
andn
<Qa q)2n+1 ’
n>0

dn?

G(z) = Z z’fq :

n>0 q; Q)Qn

—~

(4.11)

(4.12)

the second author in [27] studied the continued fraction expansions of the g-tangent
functions zF(z)/G(z) for the cases d = 0,1,2. Here, we consider the expansions of
2F(2)/G(z) for the cases d = 0 and d = 1 in the following two theorems, respectively.

Theorem 4.11. Let

F(z):zz(‘z G(z):zz .Z

n>0 q; q)2n+1 ’ n>0 (Q7 Q)2n

n n

For the continued fraction expansion of 2*F(z)/G(z), we have

- (q77q8)z(1 _ q8k+1) et — (q3 q8)2 (1 q8k+5)
_ 7 =
(2% ¢®)2g® (q7; ¢®) 7B+
boy, = ( ¢l =1+ ¢ E>1, by= —1
& ) (1—=g8+3) (1 —g¥ )~ = 7 1—¢*
— ( )i (1— )1+ ¢?)
(T )R = R (1 — g
o (_1)kq8k2+4k(q3; qS)k Z P
(4% 6%k (6% @*)n(¢ @)nrana’

_ 2
1>k 1, 8k“+12k+4

P G DA (4" ¢®)x 3 z
2k+1 — 3. 8 (2 )

(q y 4 )k+1 >0 147 )n Q;QQ)n+4k+3.

n

22F(z) 22(1-¢°) 2q'(1—4q")
Glz)  (1-q9U—-¢*)+2q—(1—-¢)1—¢®)1—q")+2¢3(1+ ¢*)(1 — ¢°)
2¢2(1 - ¢®)(1—¢'h)
—(1=q")(1—¢")(1 —q") +2¢"(1 +¢*)(1 - ¢%)
22q%(1 —q")(1 — ¢*9)
— (1 =) = g3 (1 — %) + 2¢M (1 + ¢2)(1 — ¢'2)
2q8n 4(1 _ q4n—5)(1 _ q4n+3)

.. — (]_ _ q4n71)(1 _ 4n+1)(1 _ q4n+3) + Zq4n71(]_ + q2)(1 _ q4n+1) _

Theorem 4.12. Let

2 2
F(z):= — G(z) =
; (4 @)anta ; (45 ¢)an
For the continued fraction expansion of 2*F(z)/G(z), we have
_ (@h¢%)i( = ¢ (@) (1= ¢*F)
A2k = ’ A2k+1 =

(43 ¢%)3q®* (q7; ¢%)7q®H+3
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by — O =) @
(q3’ q8)k+1(q3; q8)kq4k+1 ’ - 1 _ q3’
b2k o (q3’ q8)k+1(q3; q8)k(1 _ q16k+10)
=
(475 ¢®) k1 (475 ¢8) g +2
o — (_1)kq8k2+3k(q3; q8>k Z nqn2+4nk
(4" %) = (PG Pnpania’
1)k 1q8k2+11k+3 2" 24+2n(2k+1)
S2k+1 — .
(q3;q k+1 Z: q q )n+4k+3
22F(z) 22(1—¢%) 2@ (1—q7)
G(z) (-1 -¢)+2¢2—(1-¢)(1—-¢)(1—q")+2q(1—q")
2q“(l qs)(l —q') 2¢(1—q")(1—¢*)

—(1=¢")(1=¢")(1 —g") +2¢3(1 —¢"®) — (1 = ¢"")(1 — ¢"3)(1 — ¢*5) + 2¢°(1 — ¢*%)
Z2q8n 5(1 _ q4n75)(1 _ q4n+3)
— = (L= gt 1)1 = g+ (1 — g2 F3) + 227 1(1 — ¥ F2) —

We notice that the above theorem is the same as Theorem 4.10 when replacing
z — z/q there.

For the continued fraction expansion of 22F(z)/G(z) for the functions (4.11) and
(4.12) in the case d = 2, we cannot find good expressions for by.

Finally, we point out that according to the following formula [19]

1 1
= 5 , (4.13)

1z C1C2Z2
1—cz— 5
Coz C3C42
1- = 1—(co+c3)z — i

1 —

we can make connections between Section 2 and Section 4. By considering the following
formula which is a variant of (4.13):

1 1

- 5 : (4.14)
< z
ap+ —————— Ao+ Boz+ :
z
ay + Al + Blz -+ 5
z z
Gy + — A2 + BQZ + —
where

a2 .a 2
Ao = ag H # k>1, Ay = ag, Aopi1 = —— H a4z+1a;1z+2
45—4Wy5 3 00412411

Aq—1 + Q4kt1 1 Qapsr + Qapss

)
Q4f—104kA4k+1 a1 A4k4+1A4k+204k+3
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and a_o = 1/ag, a_; = 1, we can get the continued fraction expansions of 22 F(z)/G(z)
(resp. 22G(2)/F(z)) in Section 4 from those of zF(2)/G(z) (resp. zG(z)/F(z)) in Sec-
tion 2 as a corollary. However, we found a direct approach more attractive.

In what follows, according to the formula (4.14), we list some continued fraction
expansions which do not have good expressions for sy.

Theorem 4.13. Let

NEPE ETP
z) = : Z)i= ) ————.
= (¢ ¢)an = (@ Dana
For the continued fraction expansion of 2*F(z)/G(z), we have
(¢ ¢Yi(a" ¢k (" ¢)R(A = (1 = ¢°)° 1
G2k = = A (2 k1. e 0 k2l a= ’
(4 4)i(q% a")i(a* ¢*)i (@™ ' 0)ag 1—gq

(¢;q )k+1(q q )k+1<q q )k+1(1 - q8k+5)

(N S a2 — @) (g g)agR

(@5 aMh a5 k(e ) (1= ¢7)°
(@:4%)2 (@ a) (@ @) (65 6®)i(g* 1 )3
% [q6(1 . qSk 1)(1 q4k 1) (1 o q4k)2 + (1 o q8k+5)(1 - q4k+1)2(1 . q4l~c+2)2]7

q2

(1-¢)*(1—¢%)’
(45 4")ii1(0% 01 (5 ki (656
(@5 a) g% a)dT; @) (@7 ¢)e(1 — )2 (¢4 q)3¢?
% [qﬁ(l _ q8k+3)(1 _ q4k+1>2(1 . q4k+2)2 + (1 _ q8k+7)(1 _ q4k+3)2(1 _ q4k+4>2].

kZL b():—

b2k+1 =

ZF(z) _ (1 -9’1 -q°)
G(2) (1-9)2(1-¢*) —2¢*(1—q)
2 (1-9(1-¢*)*0-¢")*0-¢")
+(9)a(1 —¢*)(1—¢*)(1 —q") + zq?[q“(l -1 -¢*)?1—-¢*) +(1—-¢*)2(1—¢*)*(1—q")]
22¢"(1-¢*) (1 —¢')(1 - q)Q((l -¢*)*(1—¢")’(1—¢°?
1

— (@3 @)a(1 —q")(1 = ) (1 — q") + 2¢8[q® (1 — ¢3)%(1 — ¢*)2(1 — ¢7) + (1 — ¢°)%(1 — ¢%)%(1 — ¢'1)]
2¢*(1—¢") (1 —¢")(1 - ¢*)*(1 —¢")*(1 - ) (1-¢%?
—(¢°9)a (1—q”)(l—q“)(l—q“’)+2q1°[ 6(1—¢%)2(1 = ¢%)2(1 — q) + (1 — ¢7)2(1 — ¢®)%(1 — ¢'®)]
ZQan 2( 5)(1 4n+5)(1 q2n 3)2(1 2n 2 2(1 2n+1) (1 q2n+2)2

. 4.15
e T T F P E TR~ ) T R g (19

Setting z = 1 in (4.15), we have

(4,4"6%)0(a°,4"% ") _ 1-9°0—-¢)
(6%, 0%4%)o0(6% ' ¢"%) 00 (1= 9)%(1 = ¢*) — ?(1 — q)
q4(1—q)(1—q3)2(1 ¢")?(1-q")
+ (921 = ¢*) (1 = ¢*)(1 = ¢") + ¢?[¢5(1 — 9)2(1 — ¢*)2(1 — ¢*) + (1 — ¢*)2(1 — ¢*)2(1 — ¢")]
"1 =g )1 -¢")(1 -9 -¢*)*0 —¢°)*(1 —¢°)?
3 (1—=4") +(1—¢°)2(1 = ¢5)%(1 — ¢'1)]

= (% 9)a(1 —¢")(1 = ¢”)(1 —¢t) + q6[q6(1 —¢*)*(1—¢*)?
(1 —q")(1—¢")(1—¢*)2(1—¢*)*(1—¢")*(1 — ¢°)?
(% q)a(1 —g*)(1 — ¢! )(1 q1%) + ¢ (1 — ¢°)2(1 — ¢5)2(1 — ¢') + (1 — ¢7)%(1 — ¢®)%(1 — ¢19)]
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q8n72(1 _ q4n75)(1 _ q4n+3)(1 _ q2n73)2(1 _ q2n72)2(1 _ q2n+1)2(1 _ q2n+2)2
.. (an—l; q)4(q4n—1; q2)3 + q4n—2[q6(q2n—1; q)g(l _ q4n—1) + (q2n+1; q)%(l _ q4n+3)] _

The continued fraction expansion of zF'(z)/G(z) for the functions F(z) and G(z) in
the above theorem is given in Theorem 2.5.

Theorem 4.14. Let

)= (qz—’ Gl)i=2 (q;Zq)2 '

n>0 ) Q)2n+1 n>0

For the continued fraction expansion of 2*G(z)/F(z), we have
(¢ a)ile a)ile s (L — g™ (A =g ]
(@301l a*)i(a @*)i(@* 5 @)ag® 2 7 7 =

Qo1 = (Q§q4)i+1(q2§q )kH(q i q )k+1(1 s
(% ) (0% a7 8)2(1 — )2 (g*+1; q)aqPF+2

by — — @ T Oelg"s e (L = )

(4: 41 (@% 0 (@ )k (6% (g™ @)
% [qﬁ(l _ q8k—1)(1 _ q4k—1>2(1 q4k)2 + (1 _ q8k+3)(1 _ q4ks+1)2(1 . q4k+2>2]’

q

(1—9)2(1—¢%)’
by — (454511 (4% 0Dk1 (0% )i (6% 6

(2% a")u(ah a)a(d™; )i (a7 ¢®)u(1 — ¢2)2(¢* 15 9)iq

% [(]6(1 _ q8k+3)(1 _ q4k+1)2(1 _ q4k+2)2 + (1 _ q8k+7)(1 _ q4k+3)2(1 _ q4k+4)2]‘

A2k = —

k>1, by=-—

FGR) . P(1-9’(1-¢)
F(z) (1—-9)2(1—¢3) —2¢(1 —q)
P(1-q(1—¢*)*(1—qY
+(0)a(1 = ¢*)(1 = ¢®)(1 — %) + 2¢[¢°(L — 9)*(1 — ¢®)*(1 — ¢*) + (1 — ¢*)2(1 — ¢*)2(1 — ¢")]
¢ -1 -¢'"H1 - 9?1 —¢*)’(1-¢")*1—¢°)
(¢4 921 = g1 - ¢*)(1 —¢*H) + zq5[q6(1 —¢*)?(1—g")?(1—q") + (1 —¢°)?(1 —¢5)%(1 — ¢'1)]
21 -¢"N1—-¢") Q- )1 —¢")?1-¢)1—¢"?
— (g% @)a(1 —g")(1 = ¢*3)(1 — ¢*®) 4+ 2¢°[¢5(1 — ¢°)%(1 — ¢°)?

-4
)

(I=g")+(1—q")*(1—¢%)*(1 —q'%)]
22q8n 4(1 q4n 5)(1 q4n+3)(1 2n 3)2( q2n72)2(1 _ q2n+1)2(1 _ q2n+2)2 .
== (1 9)a(g* 1 ¢?)s + 2¢* 3¢5 (g - B3l =gt + ()3 (1 — ¢t — -

Theorem 4.15. Let
n,2n? n,2n?
2"q Z < q

n>0 (Qa q)2n+1 >0 (Q7 Q)Zn

For the continued fraction expansion of 2*°G(z)/F(z), we have
(q3; q4)i(q4; q4)4(q7. q8>2(1 q8k+1>(1 _ q2)2 1
Aok = = N[, k1. ), o8k +1 k=21, a=
(43 ¢")i(a? a)i (e ¢*)i (" q)aq

(opay = (q q )k+1(q q >k+1(q q )k-‘,—l(l - q8k+5)
+1 = .
(@30 (g% a7 ¢®)2(1 — ¢2)2 (¢ +1; ) 4g®F+>
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b — (@5 a)ila" a)ileT k(g7 )k (1 — )
2 (05 0M)3(@% @)@ )i (3 )15 )3
% [q6(1 . q8k71)<1 . q4k 1) (1 o q4k)2 + (1 o q8k+3)(1 - q4k+1)2(1 . q4k+2)2]7
_ ¢
F2b b E i ey

(4549511 (4% 41 (6% )i (4% 4
(@% a*)i(a* ") (a™ a®)ran (475 ¢®)n(L — ¢2)* (g5 )3
% [qﬁ(l _ q8k+3)(1 _ q4k+1> (1 4k+2) ( q8k+7)(1 _ q4k+3)2(1 _ q4k+4>2].

b2k+1 =

2’G(2) 2(1-¢9)°1—q*
F(z) (1—q2(1—q3)—zq3(1—q)
1-9(1—-¢)1-¢"1-q")
+(59)a(1 - ¢*)(1 = ¢°)(1 —¢q ) + 2q%q (1 —)*(1—=¢*)*(1-¢®) + (1 - ¢*)%(1 — ¢*)2(1 — ¢7)]
M=) -¢")1 -1 = ¢*)*(1 = ¢*)*(1 = ¢°)°

—(¢%9)+(1 -¢")(1 q9)(1fq“)+zq"[q (1-¢%)2(1—¢*)?(1—¢") + (1 —¢°)%(1 — ¢5)*(1 — ¢'*)]
22¢?(1—¢")(1 —¢®)1 = ¢*)*(1 = ¢")*(1 - ) (1—¢%)?
— (g% q@)a(1 — ¢! )(1—q13)(1—q15)+zq1°[ 5(1—¢%)2(1 = ¢%)2(1 — ") + (1 — ¢")*(1 — ¢®)%(1 — ¢*®)]
22q8n 2( 4n— a)(l 4n+3)(1 2n 3)2(1 2n 2 2( 2n+1) (1 q2n+2)2
— .. (q2n 1. q) ( 4n 17q2) _|_Zq4n 2[q6( 271 17q)§(1_q4n 1) ( 2n+1;q)2(1_q4n+3)} oo

Theorem 4.16. Let
n . 2n n

F(z):= Z%, G(z) = Z .Z

n>0 3 Q)2n+1 n>0 (qu q>2n .

For the continued fraction expansion of 2*G(z)/F(z), we have

_(@%aYilat aile )R — (A - ¢?)? _ 1
Aok = — NA(, 2. A\A[ 3 1. 8k+3 , k=1, ag= ’
(0503 (@% a*)e (@ a®)i (a1 q)aq 1—g¢
A (44t (6% @i (6% )30 (1 — ¢35 F9)
=
(@30 (g% g (@7; ¢®)7 (1 — ¢?)? (g +1; q)ag®F 1

by — — LG T PIelg"s ) (L= )
(;:4%)3 (0% )@ 6®)11(a% 6®)e (g™ @)3g°
% [qﬁ(l _ qSkfl)(l q4k 1) (1 q4k) ( 8k+3)(1 _ q4k+1)2(1 o q4k+2)2]’
1

k>1, by=—

(1=9)2(1—¢%)’
by — (011 (0% 0 tr (0% @)1 (65 6
(@ aM)1(a% g a6t (075 6®)e(1 — ¢2)2 (g% ¢)3
% [qﬁ(l _ q8k+3)(1 _ q4k+1>2<1 . q4k+2) + (1 _ q8k+7)(1 _ q4k+3)2(1 _ q4k+4>2].

PGz _ Pl-9’(1-¢%)
F(z)  (1-9*(1-¢%)—2(1-9q)
2q(1—q)(1 - ¢*)*(1 —¢*)°’(1 — ¢")
+ (@ )a(1 —¢*) (1 —¢®)(1 —q") +2q[¢°(1 — 9)*(1 — ¢*)?(1 — ¢*) + (1 — ¢*)2(1 — ¢*)?(1 — ¢7)]
¢ =) —¢")(1 -9’1 = ¢*)*(1 = ¢*)*(1 = ¢°)*
—(*9)a(1 —¢")(1 = ¢*)(1 — q“) +26°[¢°(1 — ¢3)2(1 — ¢*)2(1 — ¢7) + (1 — ¢°)2(1 — ¢%)2(1 — q'1)]
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21 -¢N1-¢") 1 - )1 —¢)1—q)1—¢"?
= (g% @)a(1 — g )(1 = ¢*3)(1 = %) + 2¢°[¢5(1 — ¢°)%(1 — ¢%)2(1 — ¢*') + (1 — ¢7)2(1 — ¢®)%(1 — ¢'°)]
ZQan—4(1 _ q4n—5)(1 _ q4n+3)(1 _ q2n—3)2 1— q2n—2)2(1 _ q2n+1)2(1 _ q2n+2)2 .
== (794 ¢?)s + 2¢* 30 (P g)3 (1 — ¢t ) + (@2 )3 (1 — gt E)] — -

The continued fraction expansions of the g-cotangent functions 2G(z)/F(z) for the
functions F(z) and G(z) in Theorem 4.14, Theorem 4.15, and Theorem 4.16 were given
in [27).
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